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Optimal Trajectories of High-Thrust Aircraft
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Future fighter aircraft may have sufficient thrust to sustain maximum-turn-rate flight at the corner velocity
where the limits on the maximum lift coefficient and maximum normal-acceleration load factor are met
simultaneously. Unfortunately, the usual necessary optimal control conditions break down on these corner-
velocity arcs. This paper presents a set of necessary optimally conditions which must hold when corner velocity
arcs are part of an optimal aircraft trajectory. First, these necessary conditions are obtained for a general class of
problems with two state-dependent control variable inequality constraints. The resulting conditions are identical
to those for optimal control problems with state variable inequality constraints. These necessary conditions then
are applied to optimal trajectory problems with high-thrust aircraft. Two sample solutions to the problem of
minimum time-to-turn through a specified heading angle are presented to illustrate some of the features of op-
timal trajectories with sustained maximum-turn-rate corner velocity arcs.

I. Introduction

ON many optimal trajectories of fighter aircraft, a turn
at the maximum turn rate is required which, in turn,

requires the use of the maximum lift coefficient CL. Below a
given velocity, called the corner velocity, CL is limited by the
aerodynamics of the aircraft (the CL limit). At velocities
above the corner velocity, CL is limited by the maximum
allowable normal acceleration of the aircraft, because of
structural or human-factor constraints (the load factor limit).
The fastest maximum turn rate occurs when the aircraft uses
maximum CL and flies at the corner velocity where both the
CL load factor limits are met simultaneously. With current
fighter aircraft, the maximum available thrust is insufficient
to overcome the induced drag due to lift while flying at
maximum CL, so that sustained maximum-turn-rate flight at
the corner velocity is not possible. Future fighter aircraft,
however, may have sufficient thrust available to overcome
this induced drag so that the sustained maximum-turn-rate
flight at the corner velocity will be feasible. Flight under these
conditions will require, in general, a thrust less than
maximum in order to maintain the aircraft velocity at the cor-
ner velocity. Unfortunately, the usual necessary conditions
for an optimal trajectory breakdown for high-thrust aircraft
trajectories on which sustained maximum-turn-rate flight at
the corner velocity is required.

The purpose of this paper is to present a set of necessary
conditions for analyzing these maximum-turn-rate arcs which
require a thrust less than maximum to sustain flight at the cor-
ner velocity. These necessary conditions turn out to be iden-
tical to the necessary conditions for optimal control problems
subject to state variable inequality constraints which are
presented in Refs. 1 and 2. In Sec. II a general class of optimal
control problems with two state-dependent inequality con-
straints on one control variable is examined. Optimal trajec-
tories of high-thrust aircraft then are considered in Sec. Ill,
where it is shown that these problems are a special case of the
general class of problems that was discussed in Sec. II. In Sec.
IV two sample solutions to the problem of minimum time-to-

Received Aug. 2,1974; revision received May 27,1975.
Index categories: Aircraft Performance; Navigation, Control, and

Guidance Theory.
"Professor, Department of Mechanics and Engineering Systems.

Member AIAA.
t Aerospace Engineer.

turn through a specified heading angle are presented to
illustrate some of the features of optimal aircraft trajectories
with sustained maximum-turn-rate areas at the corner
velocity. These solutions are obtained by a simple backward
integration of the state and costate equations from assumed
terminal conditions. Some conclusions then are presented in
Sec.V.

II. General Class of Optimal Control Problems
Consider the class of optimal control problems with the

vector state equation and initial conditions

x=f(x,u,t),x(0)=x0 (1)

where * is an ^-dimensional state vector and u is an m-
dimensional control vector. Terminal conditions are given by

(2)

(3)

where \l/ is an s- vector . The payoff in a Bolza form is

• . . J = J F f r i t f ) 9 t f } + \ ' f L ( x , u , t ) d t
JO

The distinguishing feature of this class of problems is that one
component, say M/ , of the control vector u must satisfy two
state-dependent inequality constraints of the form

G1(x,u1,t)<0,G2(x,uht)<0 (4)

Although the other components of u may be subject to non-
state-dependent inequality constraints, these addition con-
straints need not be considered at this time.

If both of inequalities (4) are not satisfied with equality
simultaneously, the standard necessary conditions for an op-
timal control can be applied.1 The Hamiltonian for this
problem is

(5)

(6)

+ fji2G2(x,u1,t)

The vector costate differential equation is
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The transversality conditions yield
(7)

(8)

In these equations X is an n-dimensional costate vector, v is an
^-dimensional Lagrange multiplier associated with the ter-
minal conditions, and pt/ and /*2 are scalar Lagrange
multipliers associated with control inequality constraints (4).
The conditions on /A7 and /*2 are

{ j i i = O i f G i ( x f u l t t ) < 0

Hi>OifGi(x,Uj,t)=0
(9)

Since both Gj and G2 cannot be zero simultaneously in the
application of the necessary conditions up to this point, pj
and it.2 cannot be nonzero simultaneously. If either />ty or p,2 is
nonzero, it is found uniquely from the equation

(10)

where •/=! or 2, depending on which of inequalities (4) is
satisfied with equality. Finally, the control vector w.must be
chosen to minimize H subject to any control constraints.

The preceding conditions break down ifG1(x,u1,t)=0 and
G2(x,ultt)=0 simultaneously. To see this, note that unique
values for jU7 and \L2 are required in the costate differential
equation. However, the only equation available that contains
IJLJ and n2 is

(H)

Therefore, unique solutions for these quantities cannot be
found, and a different technique is required to treat this type
of constrained arc.

One approach in obtaining necessary optimality conditions
for arcs with G](x,uI,t)=G2(x,u},t)=0 is to note that, if
these equations are independent in x and u ] 9 Uj can be
eliminated from these equations, giving a state equality con-
straint that must be satisfied along these arcs. This con-
straint has the form

'S'(x,t)=0 (12)

The techniques given in Sec. 3.11 of Ref. 1 now can be applied
directly to obtain necessary optimaiity conditions for this
state-constrained arc. Successive differentiation of Eq. (12)
gives a set of equations of the following form:

S(x,t)=0, S(x,t)=0,... (13a)

S(*'n(x,t)=0, S(q)(x,u,t)=0 (13b)

Note that the control vector u appears in the <?th derivative of
S(x,t). Now this arc can be considered to be the result of a
state-dependent control constraint

(14)

with q interior point constraints at the beginning and end of
the arc of the form

S(x,t) = S(x,t) =, . . = =0 (15)

To obtain general conditions for problems with this type of
constrained arc, it is convenient to define a new Hamiltonian
bv

H=L(x,u,t)+\Tf(x,u,t)+n.]G1(x,u1,t)

where the multipliers pi9 /= 1, 2, 3 now are defined as follows.
If both of the inequalities (4) are not satisfied with equality
simultaneously, then /^=0 and ju/ or /i2 is found from Eq.
(10). On arcs along which these inequalities are both satisfied
with equality, we define ti1=^2=0 and p3 ^0. The multiplier
fj,3 and the control variables uh i=2, . . ., m then must satisfy
Eq. (14) and the following set of equations:

(17)

The costate differential equation is the same as before, except
for an additional /i5 term:

(18)

Because of the interior point constraints given by Eqs. (15), H
and X are, in general, discontinuous at the beginning and end
of an arc with 5(<7) (x,u,t) =0. However, H and X are not
unique on this type of arc, so that these quantities can be
defined to be discontinuous at the beginning of the arc and
continuous at the end.2 Let tj denote the time of entry into an
S ( Q ) (x,u,t) =0 arc and define the interior point constraint of
dimension q to be

The discontinuity in X at time tj is given by *

(19)

(20)

where -K is a q vector of constant Lagrange multipliers that
must be found so that Eq. (19) is satisfied at t ] 9 and the quan-
tities H and X are continuous at the termination of the
(x,u, t) = 0 arc. Similarly, the discontinuity in H at tl is

(21)

The necessary conditions for optimal control problems with
state variable inequality constraints that have been used in this
analysis actually underspecify the conditions at junctions be-
tween arcs with S(xtt) ^0 and S(x,t) =0. This is discussed in
Ref. 3. This reference also gives an example with a state
variable inequality constraint which has a solution with an arc
on the constraint boundary. This solution satisfies the
necessary conditions of Ref. 2 but is not optimal, as is shown
using a set of stronger necessary1 conditions. Thus, care should
be taken in interpreting the results just obtained, since the
conditions can, in some problems, produce nonoptimal
solutions.

To summarize, the optimal control problem considered in
this section is defined by Eqs. (1-4, 14, and 15). Necessary
conditions for the solution of this class of problems are given
by Eqs. (7-9 and 16-21) with the control vector u minimizing
H. The conditions on nl9 p2, and n3 are given by Eqs. (17)
and the discussion following Eq. (16).

III. Optimal Trajectories of High-Thrust Aircraft
In this section it is shown that optimal control problems in-

volving aircraft with high thrust-to-weight ratios are members
of the general class of problems considered in Sec. II. The
necessary conditions of Sec. II then are applied to these
problems assuming a Meyer problem formulation.

The' 'point mass" aircraft equations of motion arej
Z=Fshvy (22a)

V=g[(T-D)/W-siny]9 t=gL sine/)/VWcosy (22b)

(16)

JThese point-mass aircraft equations assume a small angle of at-
tack. However, when maximum CL is used, the angle of attack is not
necessarily small, in which case the results obtained using these
equations must be viewed as indicative of trends rather than exact
solutions.
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y=g(L cost/W-cosy)/V (22c)

where X and Y are horizontal position coordinates, Z is
altitude, V is velocity, ^ is the heading angle, 7 is the flight
path angle, Wis the aircraft weight (which is assumed to be
constant here), Tis the thrust, D is drag, L is lift, <t> is the bank
angle, and g is the acceleration of gravity. Lift L has the form

L=Y2P(Z)AV2CL (23)

where p(Z) is the air density, A is a reference area, and CL is
the lift coefficient. The drag D is assumed to be a function of
K, Z, and CL and increases monotonically with CL for fixed
KandZ.

The controls are the lift coefficient CL, the bank angle <£,
and the thrust T. The thrust must satisfy the constraint

(24)

There are three constraints on CL. First, there is an upper
limit of CLmax due to the aerodynamics of the aircraft. There
is also a lower limit of zero. These two constraints can be sum-
marized as

(25)

There is, in addition, an upper limit on the maximum ac-
celeration of the aircraft normal to the velocity vector which
can be expressed as

(V2)pAV2CL/W<nr, (26)

where nmax is the maximum allowable normal acceleration
ing.

If both the CLmax and «max limits are met simultaneously,
Eqs. (25) and (26) can be solved for the "corner velocity" Vc
at any given altitude

Vi=V2=2Wnmax/p(Z)ACLmm (27)

This equation can be written in the same form as Eq. (12):

P(Z)V2-2WnmM/ACLmax=0 (28)

This state equality constraint must hold if the aircraft flies
with maximum turn rate at the corner velocity. Dif-
ferentiation of the equation gives

(dp/dZ) V2Z+2pVV= V( (dp/dZ) V2 shvy

+2pg[(T-D)/W-smy]}=0

or, since F>0,

(29)

(30)

This equation contains the thrust T explicitly, thereby
allowing us to solve for the value of T required to sustain
maximum-turn-rate flight at the corner velocity:

C = T=D+ W[smy-(dp/dZ) V2 sin7/2pg] (31)

Since T always must satisfy inequality (24), it easily is seen
that, if Tc > rmax, sustained maximum-turn-rate flight at the
corner velocity is not possible, as is the case with current
fighter aircraft. Equation (30) is the state-dependent control
equality constraint that must hold along a corner velocity arc,
and Eq. (28) is the one-dimensional interior-point constraint
corresponding to Eqs. (14) and (15), respectively, in Sec. II.

Assuming a Meyer formulation of the, optimal control
problem, the necessary conditions obtained in the previous

section now can be applied. The Hamiltonian is

//= V(\x cos7 cos\[/ + \y COS7 sini/'+ Xz shvy)

+ Xyg[ ( T-D) I W- sin7] + \pA VCL sin<t>/2 Wcosy

+ \g(pAVCLcos(t)/2W-cosy/V)

+ Vi2(PAV2CL/2-nmaxW)

+ H3{ (d/dZ) V2 siny+2pg[(T-D)/W-smy]} (32)

where /x2 * 0 only if CL < CLmax , and

PAV2CL/2=nmaxW (33)

The multiplier fi3 is nonzero only if Eq. (33) is satisfied and
CL = CLmax: (This is the condition for sustained maximum-
turn-rate flight at the corner velocity). Since the constraints
on thrust and the constraints on CL given by inequality (25)
are not state dependent, they do not effect the costate
equations. Therefore, they do not need to be adjoined to H
with Lagrange multipliers.
The costate differential equations are

\x = \y = 0 (34)

\z = \vg(dD/dZ)/W-\tg(dp/dZ)AVCL sm<t>/2Wcosy

-\g(dp/dZ)AVCL cos<t>/2W-!42(dp/dZ)AV2CL/2

-^3{(d2p/dZ2)V2smy+2g(dp/dZ)l(T-D)/W

-smy]-2pg(dD/dZ)/W} (35)

Xy = - ( \x cosy cos\^ + hy cos7sin^ + Xz sin7)

• ' + \vg ( dD/d V) I W- \+gpA CL sin</>/2 W COST

- \yg (pA CL cos^/2 W+ COS7/ V2 ) - fjL2pA VCL

-tj,3[2(dp/dZ)Vsmy-2pg(dD/dV)/W] (36)

X^ = F(XArcos7sin^-X>,cos7COS^) (37)

X7 = F(XX shry cos^4- \y siny sm\f/—\z cosy)

+ Xyg COS7- \$gpA VCL sin</> sin7/2TFcos27)

(38)

The control variables must minimize H. Thus the optimal
bank angle 0 is given by

(39a)

(39b)

If the optimal lift coefficient is interior to the inequality con-
straints (25) and (26), CL is found from the solution to the
equations

dH/dCL= -\vg(dD/dCL)/W-gPAV [

+ \2
y]l/2/2W=0

and

-\v(d2D/dC2
L)>0

(40)

(41)

where Eqs. (39) have been substituted for sin</> and cos<t>. If
inequality (41) is not satisfied or if the solution to Eq. (40)
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does not satisfy the inequality constraints on CL, then the op-
timal CL is given by Eq. (33), jCL = CLmax, or CL = 0, depen-
ding on which value minimizes H and satisfies all the con-
straints. The optimal thrust is given by

T=Tmaxif\v<0 (42a)

T=^mm^^v>0 (42b)

if both the CLmax and n^^ constraints are not satisfied with
equality simultaneously. If both are satisfied with equality,
the expression for the optimal thrust is given by Eq. (31),
provided that inequality (24) is satisfied. It can be shown that
this is the only condition under which an intermediate thrust
level can be optimal; i.e., there are no optimal singular thrust
arcs in the conventional sense in this problem.

In the costate differential equations, expressions for ^2 or
H3 are needed if either is nonzero. (Recall that both cannot be
nonzero simultaneously.) If/*2 5*0* CL is found from Eq. (33)
and fjL2 is found from dH/3CL = 0 to be

The expression for drag is

tJi2=2([\vg(dD/dCL)/W+(gpAV/2W)]

(43)

The multiplier ju5, which is nonzero only during sustained
maximum-turn-rate arcs at the corner velocity, is found from
3H/dT=Oto\te

H3=-\v/2p (44)

If an optimal corner velocity arc starts at time t.lra direct ap-
plication of Eq. (20) to the interior point constraint given by
Eq. (28) gives the following discontinuities in Xz and Xy at tj

(45)

(46)

where ?r is a scalar multiplier here. All of the other costates
and the Hamiltonian are continuous at t j . If this optimal cor-
ner velocity arc terminates at time t2, all of the costate
variables and the Hamiltonian are continuous here, as was
discussedinSec.il.

The application of the necessary conditions results in a
multiple-point boundary-value problem that must be solved
to find candidates for the optimal trajectory. To summarize
this multiple-point boundary-value problem, the state and
costate differential equations are given by Eqs. (22 and 34-
38), respectively, the controls by Eqs. (31 and 39-42), and the
multipliers ju2

 and V-3 by Eqs. (43) and (44) when they are non-
zero. Usually the initial states all are specified. At the begin-
ning of a maximum-turn-rate corner velocity arc, Eqs. (28, 45
and 46) must be satisfied, and all of the states, the costates Xx,
Xj,, X^, and X7, and the Hamiltonian are continuous. At the
termination of an optimal corner velocity arc, Eq. (28) must
again be satisfied, and all of the states, costates, and
Hamiltonian are continuous. At the final time, any specified
terminal conditions and the resulting transversality conditions
must be satisfied. The multiplier it in Eqs. (45) and (46) must
be chosen so that all of these conditions are satisfied.

IV. Minimum Time-to-Turn Problem
To illustrate the characteristics of optimal control problems

with the type of constrained arc considered in ^the previous
two sections, here we consider the problem of finding the
high-thrust aircraft trajectory that results in the minimum
time-to-turn through a specified heading angle. All of the
initial states are given, and only the final heading angle \l/f is
specified. All of the other final states are free. The aircraft
parameters for this problem are IV = 42,000 Ib, A =430 ft2,
Qmax = 1, "max = 5#, Tmax =65,270 Ib, and rmin = — 6527 Ib.

+ kCL
2) (47)

where the zero-lift drag coefficient is 0^ = 0.04, and the in-
duced drag factor is fc = 0.2. With the exception of rmax,
which is very high, all of these parameters are typical of
current fighter aircraft. The negative value of Tmin is attained
through the use of speed brakes. The exponential air density
expression is, in slugs per cubic foot,

p = 0.0023769e<-z/23'800>

where Z is in feet. The payoff is time or

J=tf

(48)

(49)

The expressions for the state equations, the costate
equations, the control variables, and the multipliers \i2 and p,3
given in Sec. Ill are valid here. Applying the transversality
conditions given by Eqs. (7) and (8) in Sec. II, we obtain

x*('/)=M'/)=M'/)=M'/)=x7(>/)=0 (50)
(51)

With \y(tf)=0 and \^(tf) *0, in general, Eq. (39) gives,
atf/,

(52)

where the positive sign is chosen if X^ (/y) < 0 and the negative
sign if \$(tf)>0. A combination of Eqs. (32 and 50-52)
yields the following expression for

'</ (53)

In the specific examples that follow, the upper signs are
always chosen in Eqs. (52) and (53).

When a maximum-turn-rate arc at the corner velocity is
part of an optimal trajectory for this problem, the trajectory
terminates on this arc. Thus we have a three-point boundary-
value problem to be solved here. In order to generate
representative optimal trajectories from this three-point
boundary-value problem, solutions were generated by back-
ward integration from assumed conditions with the trans-
versality conditions satisfied. Switching from the corner
velocity arc to a T= TmaxorT= Tmin arc then is forced at some
time t j . Equating the expressions for the Hamiltonian at
tj~ and tj+, and using Eqs. (45) and (46), the following ex-
pression for TT is obtained

(54)WV3(dp/bZ) shry]

where the superscript plus indicates that the quantity is
evaluated at t j + on the corner velocity arc, and minus in-
dicates that the quantity is evaluated at tj~ on the 7"max or
^min arc. Note that the only quantity evaluated at t~ is the
thrust T. For this problem it turns out that the same value of ?r
is obtained for both T =Tmax and T ==Tmin. This value of TT
always results in \v(tj~)=0. The value of T then is deter-
mined by

T- = Tmaxif\v>0 (55a)

T' = Tminif\v<0 (55b)

The backward integration then is stopped at some arbitrary
initial time.
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Fig. 1 Results for example
problem with thrust se-
quence { rmax, Tc}.

DOT

*\
H—h-H—h

T(SEO.

Fig. 2 Results for example
problem with thrust se-
quence { Tnfr, Tc}.

Figure 1 shows the solution to a typical problem with
thrusting sequence \Tmax, Tc]. The assumed values of tt and
tf are tj =5 sec and ty= 10 sec. The initial states (at t = Q) are
X= -3506ft, Y= 5457 ft, Z = 9380 ft, K= 769 fps, ^=-2.05
rad, and 7=0.39 rad. The resulting final states, at t=tf= 10
sec, are X=Y=0, Z= 10,000 ft, F=791 fps (the corner
velocity at 10,000-ft alt), ^=0, and 7= -0.20 rad. The lift
coefficient is on the CLmax limit throughout the flight. Some
trends can be noted from Fig. 1. The velocity starts below the
corner velocity with a positive flight-path angle 7. In order to

quicken the acceleration of the aircraft to the corner velocity,
the bank angle <£ initially is set at about 96° so that a com-
ponent of lift acts to decrease 7 and, hence, increase V. Once
the corner velocity is reached, the thrust is reduced to sustain
flight at this condition. This corner velocity thrust decreases
between t1 and tf because the flight-path angle 7 decreases
from 0.08 rad, where a component of gravity tends to reduce
V, to —0.20 rad, where a component of gravity tends to in-
crease V, allowing a corresponding reduction in thrust.

Figure 2 presents similar results for a typical problem with a
{T^n, Tc] thrust sequence. Again, •t1 =5 sec and fy = 10 sec.
The initial states are ̂ =—3387 ft, ^=6028 ft, 7^8292 ft, V
= 10,037 fps, ^ = —1.94 rad, and 7 = 0.20 rad. The resulting
final states are the same as for the previous problem except
that y(tf) = 0.1 rad. (It is the final value of 7 that determines
the optimal thrust sequence in these problems.) The lift coef-
ficient is on the load factor limit throughout this trajectory.
Note that T= rmin initially is required to reduce the velocity to
the corner velocity. This deceleration is aided by using a bank
angle less than 90° to increase 7 which, in turn, further
reduces V. • ' •

Some general trends can be noted on the choice of control
required in these minimum time-to-turn problems. The
maximum allowable value of CL always is used. The initial
thrust and the initial bank are determined by the initial
velocity F(0). If F(0)>FC, the corner velocity, 7X0) =7^
and <t> is set slightly less than 90° to decrease 7 and thereby
further increase V. Once the corner velocity is attained, the
thrust is adjusted to sustain flight at this condition and <£
smoothly approaches 90° as the desired terminal heading is
approached.

Conclusions
Sustained maximum-turn-rate arcs at the corner velocity

will be of considerable importance for future high-thrust
fighter aircraft when the fastest possible turn is required. In
the context of optimal trajectories for these aircraft, the cor-
ner velocity arcs increase the complexity of the solution to op-
timal trajectory problems, in that a multipoint boundary-
value problem now must be solved rather than a two-point
boundary-value problem required for current fighter aircraft.
However, by investigating general trends in the solution to
these multipoint boundary-value problems, it may be possible
to generate near optimal "rules of thumb," as was done with
the examples in Sec. IV, to aid the pilot in flying near-optimal
maneuvers.
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